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ABUNDANCE THEOREM FOR SURFACES OVER
IMPERFECT FIELDS
HIROMU TANAKA
Abstract. In this paper, we show the abundance theorem for log
canonical surfaces over fields of positive characteristic.
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1. Introduction
The Italian school of algebraic geometry in the early twentieth cen-
tury established a classification theory for smooth complex surfaces,
which was later generalised by Kodaira, Shafarevich and Bombieri–
Mumford. In particular, Bombieri–Mumford showed the abundance
theorem for a smooth projective surface X over an algebraically closed
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2 HIROMU TANAKA
field k, i.e. if KX is nef, then it is semi-ample. After that, Fujita suc-
ceeded to extend it to a logarithmic case [Fuj84], which was extended
to Q-factorial surfaces by Fujino and the author ([Fuj12], [Tan14]).
As a consequence, Fujita established the abundance theorem for log
canonical surfaces over any algebraically closed fields. The purpose of
this paper is to prove the abundance theorem for log canonical surfaces
over any field of positive characteristic.
Theorem 1.1. Let k be a field of positive characteristic. Let (X,∆) be
a log canonical surface over k, where ∆ is an effective R-divisor. Let
f : X → S be a proper k-morphism to a scheme S which is separated
and of finite type over k. If KX +∆ is f -nef, then KX +∆ is f -semi-
ample.
If k is a perfect field, then Theorem 1.1 immediately follows from
the case when k is algebraically closed. Thus the essential difficulty
appears only when k is an imperfect field.
There are some advantages to study varieties over imperfect fields,
even if one works over an algebraically closed field of positive char-
acteristic. For instance, given a fibration between smooth varieties of
positive characteristic, general fibres are not smooth in general, whilst
the generic fibre is always a regular scheme (e.g. quasi-elliptic surfaces).
On the other hand, there is a possibility to find new phenomena ap-
pearing only in positive characteristic by studying geometry over imper-
fect fields. Indeed, Schro¨er succeeded to discover a three-dimensional
del Pezzo fibration f : X → C with R1f∗OX 6= 0 by studying del Pezzo
surfaces over imperfect fields (cf. [Sch07], [Mad16]).
1.1. Sketch of the proof. Let us look at some of the ideas of the
proof of Theorem 1.1. To this end, we assume that S = Spec k and ∆
is a Q-divisor throughout this subsection.
1.1.1. Klt case. If k is perfect, then we can show Theorem 1.1 just by
taking the base change to the algebraic closure. However, if the base
field is imperfect, the situation is subtler. First, the normality and re-
ducedness might break up by taking the base change. Second, for the
case when k is algebraically closed, the proof of the abundance theo-
rem for smooth surfaces depends on Noether’s formula and Albanese
morphisms. These techniques can not be used in general for varieties
over non-closed fields. In particular it seems to be difficult to imitate
the proof for the case over algebraically closed fields.
Let us overview the proof of Theorem 1.1. To clarify the idea, we
treat the following typical situation: X is a projective regular surface
over a field of characteristic p > 0 and KX ≡ 0. What we want is to
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show that KX ∼Q 0. First we can assume that k is separably closed by
taking the base change to the separable closure. Such a base change
is harmless because, for example, a finite separable extension is e´tale.
Second, we take the normalisation Y of (X ×k k)red. Set f : Y → X to
be the induced morphism:
f : Y → (X ×k k)red → X ×k k → X.
We can check that Y is Q-factorial (Lemma 2.1(3)). By [Tan18a, The-
orem 1.1] (cf. Theorem 2.5), we can find an effective Z-divisor E on Y
such that
KY + E = f
∗KX .
If E is a prime divisor, then we can apply the following known result.
Theorem 1.2 (Theorem 1.2 of [Tan14]). Let Y be a projective normal
Q-factorial surface over an algebraically closed field of characteristic
p > 0. Let ∆Y be a Q-divisor on Y whose coefficients are contained in
[0, 1]. If KY +∆Y is nef, then KY +∆Y is semi-ample.
Thus, we focus on the simplest but non-trivial case: E = 2C where
C is a prime divisor. Then we get
KY + 2C = f
∗KX .
Set CX := f(C). We have the three cases: C
2 > 0, C2 = 0, and C2 < 0.
If C2 > 0, then C is nef and big, hence we can apply Theorem 1.2. If
C2 < 0, then we can contract such a curve CX in advance and may
exclude this case. Thus, we can assume that C2 = 0, i.e. C2X = 0. We
consider the following equation
KY + (2 + α)C = f
∗(KX + CX),
where α is the positive integer satisfying αC = f ∗CX . We apply ad-
junction to (X,CX) and (Y, C) (Theorem 2.13(2)). Then we obtain
(KX + CX)|CX ∼Q 0 and (KY + C)|C ∼Q 0. We deduce that the Q-
divisor C|C is torsion, which in turn implies that C is semi-ample by
Mumford’s result (cf. Proposition 3.1).
If (X,∆) is klt, then we can apply a similar argument, although we
encounter some further technical difficulties in the general case. For
more details, see Section 3.
1.1.2. Log canonical case. We overview the proof of the log canonical
case assuming the klt case. After we get the abundance theorem for
klt surfaces, the main difficulty is to show the non-vanishing theorem
(Theorem 4.7): for a log canonical surface (X,∆), if KX + ∆ is nef,
then κ(X,KX+∆) ≥ 0. To this end, we may replace X by its minimal
resolution, hence assume that X is regular. Since we may assume that
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κ(X,KX) = −∞, it follows from the abundance theorem for the regu-
lar case that a KX-MMP induces a Mori fibre space structure Z → B
where Z is the end result. Roughly speaking, our idea is to prove
that the base change of the Mori fibre space to the algebraic closure is
again a Mori fibre space, although the singularities could no longer be
log canonical. Based on this idea, we extend Fujita’s result over alge-
braically closed fields to the case over imperfect fields (cf. Lemma 4.5).
For more details, see Subsection 4.1.
Remark 1.3. In [BCZ18], Birkar–Chen–Zhang independently obtained
Theorem 1.1 under the additional assumption that (X,∆) is klt, ∆ is
a Q-divisor, S = Spec k and κ(X,KX +∆) ≥ 0. Their strategy differs
from ours.
Remark 1.4. In [Fuj12, Corollary 1.2] and [Tan14, Theorem 1.2], Fu-
jino and the author establish the following abundance theorem: if X
is a projective Q-factorial surface over an algebraically closed field, ∆
is an effective R-divisor on X whose coefficients are contained in [0, 1],
and KX + ∆ is nef, then KX + ∆ is semi-ample. For some ideas of
the proof, we refer to [FT12]. The author does not know whether this
statement generalises to non-closed fields.
Acknowledgements. Part of this work was done whilst the author
visited National Taiwan University in December 2013 with the support
of the National Center for Theoretical Sciences. He would like to thank
Professor Jungkai Alfred Chen for his generous hospitality. The au-
thor would like to thank Professors Caucher Birkar, Yoshinori Gongyo,
Paolo Cascini, Ja´nos Kolla´r, Mircea Mustat¸a˘, Chenyang Xu for very
useful comments and discussions. The author also thanks the referee
for reading the manuscript carefully and for suggesting several improve-
ments. This work was partially supported by JSPS KAKENHI (no.
24224001) and EPSRC.
2. Preliminaries
2.1. Notation. Let k be a field. We say X is a variety over k (or
k-variety) if X is an integral scheme which is separated and of finite
type over k. We say X is a curve over k (resp. a surface over k) if X
is a variety over k with dimX = 1 (resp. dimX = 2). For a scheme
X , set Xred to be the reduced closed subscheme of X such that the
induced closed immersion Xred → X is surjective.
We will not distinguish the notations invertible sheaves and divisors.
For example, we will write L+M for invertible sheaves L and M . For
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a proper scheme X over a field k and a coherent sheaf F on X , we set
hi(X,F ) := dimkH
i(X,F ), χ(X,F ) :=
dimX∑
i=0
(−1)ihi(X,F ).
Note that these numbers depend on k. For the definition of intersection
numbers, we refer to [Tan18b, Section 2.2].
We will freely use the notation and terminology in [Kol13]. In the
definition in [Kol13, Definition 2.8], for a pair (X,∆), ∆ is not neces-
sarily effective. However, in this paper, we always assume that ∆ is an
effective R-divisor.
Let ∆ be an R-divisor on a normal variety over a field. For real
numbers a and b, we write ∆ ≤ a (resp. ∆ ≥ b) if, for the prime
decomposition ∆ =
∑
i∈I δi∆i, δi ≤ a (resp. δi ≥ b) holds for every
i ∈ I. For example, 0 ≤ ∆ ≤ 1 means 0 ≤ δi ≤ 1 for every i ∈ I.
For a Z-module M , we set MQ :=M ⊗Z Q and MR := M ⊗Z R.
2.2. Dualising sheaves and purely inseparable base changes. In
this subsection, we summarise basic properties of dualising sheaves and
purely inseparable base changes (cf. [Tan18a, Subsections 2.2, 2.3]).
Lemma 2.1. Let k be a field of characteristic p > 0. Let X be a
normal variety over k. Then the following assertions hold.
(1) The normalisation morphism Y → (X×kk1/p
∞
)red is a universal
homeomorphism.
(2) ρ(X) = ρ(Y ).
(3) If X is Q-factorial, then so is Y .
Proof. See [Tan18a, Lemma 2.2, Proposition 2.4, Lemma 2.5]. 
We recall the definition of dualising sheaves and collect some basic
properties.
Definition 2.2. Let k be a field. Let X be a d-dimensional separated
scheme of finite type over k. We set
ωX/k := H
−d(f !k),
where f : X → Spec k is the structure morphism.
A dualising sheaf does not change by enlarging a base field.
Lemma 2.3. Let k0 ⊂ k be a field extension with [k : k0] < ∞. Let
X be a separated scheme of finite type over k. Note that X is also of
finite type over k0. Then, there exists an isomorphism
ωX/k ≃ ωX/k0 .
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Proof. See [Tan18a, Lemma 2.7]. 
Thanks to Lemma 2.3, we can define canonical divisors KX indepen-
dent of a base field. Our definition is the same as in [Kol13, Definition
1.6].
Definition 2.4. Let k be a field. If X is a normal variety over k, then
it is well-known that ωX/k is a reflexive sheaf. Let KX be a divisor
which satisfies
OX(KX) ≃ ωX/k.
Such a divisor KX is called canonical divisor. Note that a canonical
divisor is determined up to linear equivalence.
Theorem 2.5. Let k be a field of characteristic p > 0. Let X be a nor-
mal variety over k. Let ν : Y → (X ×k k1/p
∞
)red be the normalization
of (X ×k k1/p
∞
)red and set f : Y → X to be the induced morphism:
f : Y
ν
→ (X ×k k
1/p∞)red → X ×k k
1/p∞ → X,
where the second arrow is taking the reduced structure and the third
arrow is the first projection. If KX is Q-Cartier, then there exists an
effective Z-divisor E on Y such that
KY + E = f
∗KX .
Proof. See [Tan18a, Theorem 4.2]. 
2.3. Some criteria for semi-ampleness. We collect some known
results (at least for algebraically closed fields) on semi-ampleness.
Lemma 2.6. Let k be a field. Let X be a projective normal surface over
k. Let D be an effective Q-Cartier Q-divisor and let D =
∑
i∈I diDi be
the irreducible decomposition. If D ·Di > 0 for every i ∈ I, then D is
semi-ample.
Proof. We show that B(D) = ∅, where B(D) is the stable base locus
of D. We obtain B(D) ⊂ Supp(D). On the other hand, by [Bir17,
Theorem 1.3], we obtain B(D) ⊂ B+(D) = E(D). Thus we see
B(D) ⊂ Supp(D) ∩ E(D).
By the assumption D · Di > 0, Supp(D) ∩ E(D) is empty or zero-
dimensional. Therefore, [Fuj83, Corollary 1.14] implies that D is semi-
ample. 
Lemma 2.7. Let k be a field. Let X be a projective normal surface
over k. Let L be a Q-Cartier Q-divisor. If L is nef and κ(X,L) = 1,
then L is semi-ample.
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Proof. If k is algebraically closed, then the assertion is well-known (cf.
[Fuj84, Theorem 4.1]). Thanks to Lemma 2.1, We can reduce the
problem to this case by taking the normalisation of (X ×k k)red. 
Lemma 2.8. Let k be a field. Let X be a projective normal surface
over k and let ∆ be an effective R-divisor such that KX + ∆ is R-
Cartier. Let L be a Q-Cartier Q-divisor on X. Assume the following
conditions.
(1) L is nef.
(2) L2 = 0.
(3) There exists a curve C in X with L · C > 0.
(4) L · (KX +∆) < 0.
Then, L is semi-ample.
Proof. By replacing X with the minimal resolution, we may assume
thatX is regular and ∆ = 0. By (1) and (3), we see H2(X,mL) = 0 for
m ≫ 0. Then, by the Riemann–Roch formula (cf. [Tan18b, Theorem
2.10]), we obtain
χ(X,mL) =
1
2
mL · (mL−KX) + χ(X,OX)
=
1
2
mL · (−KX) + χ(X,OX).
Hence, the condition (4) implies κ(X,L) ≥ 1. By the condition (2), we
obtain κ(X,L) = 1. Then, L is semi-ample by Lemma 2.7. 
Theorem 2.9. Let k be a field of positive characteristic. Let X be a
projective normal surface over k and let L be a nef and big Q-Cartier
Q-divisor. We define a reduced closed subscheme E(L) of X by
SuppE(L) =
⋃
L·C=0
C
where C runs over curves in X. If L|E(L) is semi-ample, then L is
semi-ample.
Proof. See [Kee99, Theorem 0.2]. 
2.4. Contractible criterion. In the classical minimal model program
for surfaces, Castelnuovo’s criterion plays a crucial role. We recall a
similar result for singular surfaces.
Theorem 2.10. Let k be a field. Let X be a quasi-projective normal
surface over k. Let C be a curve in X proper over k. Assume that the
following conditions hold.
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• X is Q-factorial.
• (KX + C) · C < 0.
• C2 < 0.
Then there exists a projective birational morphism f : X → Y which
satisfies the following properties.
(1) Y is a quasi-projective normal surface with f∗OX = OY .
(2) Ex(f) = C.
(3) Let L be a Cartier divisor on X such that L · C = 0. Then,
mL = f ∗LY for some integer m > 0 and a Cartier divisor LY
on Y .
(4) If X is Q-factorial, then Y is Q-factorial.
(5) If X is projective, then Y is projective and ρ(Y ) = ρ(X)− 1.
Proof. By taking a projective compactification X ⊂ X such that X is
regular along X \ X , we can assume that X is projective. Then the
assertion follows from [Tan18b, Theorem 4.4]. 
2.5. Adjunction. In this section, we summarise some results on ad-
junction formula.
Proposition 2.11. Let k be a field. Let X be a normal k-surface and
let C be a curve in X. Then, there exists an exact sequence
0→ T → (ωX ⊗OX OX(C))|C → ωC → 0
where T is a skyscraper sheaf.
Proof. See the proof of [Fuj12, Lemma 4.4]. 
Lemma 2.12. Let k be a field. Let X be a normal k-surface and let
C be a proper k-curve in X. Let L be a Cartier divisor on X. If
H1(C,OX(L)|C) 6= 0, then
H0(C, (OX(r(KX + C − L))|C) 6= 0
for every r ∈ Z>0.
Proof. Set ωX(C−L) := ωX ⊗OX OX(C −L). By Proposition 2.11, we
obtain an exact sequence:
0→ T ⊗OC OX(−L)|C → (ωX(C −L))|C → ωC ⊗OC (OX(−L)|C)→ 0.
Since T is a skyscraper sheaf, we have H1(C, T ⊗OC OX(−L)|C) = 0.
Since
H0(C, ωC ⊗OC (OX(−L)|C)) ≃ H
1(C,OX(L)|C)
∗ 6= 0,
there is a nonzero element
ξ ∈ H0(C, ωX(C − L)|C)
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whose image ξ′ ∈ H0(C, ωC ⊗OC (OX(−L)|C) is non-zero as well. Thus
there exists a map
OC → ωX(C − L)|C
such that this is injective on some non-empty open set. Tensoring
(ωX(C − L))|C one by one, we obtain a sequence of maps
OC → (ωX(C − L))|C → (ωX(C − L))
⊗2|C → · · · → (ωX(C − L))
⊗r|C
which are injective on some non-empty open set. On the other hand,
there is a natural map
(ωX(C − L))
⊗r|C → ((ωX(C − L))
⊗r)∗∗|C = OX(r(KX + C − L))|C ,
which is bijective on some non-empty open set. Combining these maps,
we have a map
OC → OX(r(KX + C − L))|C ,
which is injective on some non-empty open set. Thus, the kernel K of
this map is a torsion subsheaf of OC . Then, we have K = 0. Therefore,
we obtain an injection OC →֒ OX(r(KX + C − L))|C . This implies
H0(C,OX(r(KX + C − L))|C) 6= 0. 
Using Lemma 2.12, we obtain the following result.
Theorem 2.13. Let k be a field. Let X be a normal k-surface and let
C be a proper k-curve in X such that r(KX + C) is Cartier for some
positive integer r.
(1) Assume (KX +C) ·C < 0. If L is a Cartier divisor on X such
that L · C = 0, then L|C ≃ OC .
(2) If (KX + C) · C = 0, then there exists s ∈ rZ>0 such that
OX(s(KX + C))|C ≃ OC.
Proof. (1) It is enough to show H0(C,L|C) 6= 0. Since (KX+C) ·C < 0
implies H0(C,OX(r(KX+C−L))|C) = 0, we obtain H1(C,L|C) = 0 by
Lemma 2.12. In particular, we see H1(C,OC) = 0. By the Riemann–
Roch formula, we obtain
h0(C,L|C) = χ(C,L|C) = χ(C,OC) = h
0(C,OC) 6= 0.
(2) By replacing r with 2r, we can assume r ≥ 2. AssumeH1(C,OC) 6=
0. Then, we can apply Lemma 2.12 for L := 0 and we obtain
H0(C, r(KX + C)|C) 6= 0.
Thus, we may assume H1(C,OC) = 0.
Assume H1(C, r(KX + C)|C) 6= 0. Then, we can apply Lemma 2.12
for L := r(KX + C), and we obtain
H0(C,−(r − 1)r(KX + C)|C) 6= 0.
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Thus, we may assume H1(C, r(KX + C)|C) = 0.
It is enough to show that H0(C, r(KX + C)|C) 6= 0, assuming
H1(C,OC) = H
1(C, r(KX + C)|C) = 0.
This follows from the Riemann–Roch formula:
h0(C, r(KX+C)|C) = χ(C, r(KX+C)|C) = χ(C,OC) = h
0(C,OC) 6= 0.

2.6. Semiample perturbation. In this subsection, we show Lemma
2.15. Let us start with a consequence of Noether’s normalisation the-
orem.
Lemma 2.14. Let k be an infinite field. Let f : X →W be a projective
surjective k-morphism of k-varieties. Then there exists a non-empty
open subset W 0 ⊂ W such that if X0 := f−1(W 0), then the induced
morphism f 0 : X0 →W 0 factors as follows:
f 0 : X0
π
−→ W 0 ×k P
r
k
pr1
−−→W 0,
where r = dimX − dimW , π is a finite surjective morphism and pr1
denotes the first projection.
Proof. SinceK(W ) is an infinite field, Noether’s normalisation theorem
deduces that there is a finite surjective morphism:
π˜ : X ×W SpecK(W )→ P
r
K(W ),
where r := dimX ×W SpecK(W ) = dimX − dimW . By killing de-
nominators, we obtain what we want. 
Lemma 2.15. Let k be an infinite field. Let X be a projective normal
k-variety and let D be a semi-ample Q-Cartier Q-divisor. If ǫ ∈ Q>0
and x1, · · · , xℓ ∈ X, then there exists an effective Q-Cartier Q-divisor
D′ such that D′ ∼Q D, 0 ≤ D′ ≤ ǫ, and that xi 6∈ SuppD′ for every i.
Proof. By replacing D with a large multiple, we may assume that ǫ = 1
and that D is a base point free Cartier divisor whose linear system
induces a morphism
f : X → W
with f∗OX = OW and D = f ∗OW (1), where OW (1) is very ample.
Since f is projective, we can apply Lemma 2.14, hence the following
hold.
• W 0 ⊂W is a non-empty open subset and set X0 := f−1(W 0).
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• The induced morphism f |X0 : X
0 → W 0 can be written by
f |X0 : X
0 π→W 0 ×k P
r
k
pr1
→ W 0,
where π is a finite surjective morphism.
Since D is base point free, it suffices to show that there exists ν ∈ Z>0
such that every general hyperplane section H ∼ OW (1) satisfies
0 ≤ f ∗H ≤ ν.
Let
π : X0
πi→ V
πs→ W 0 ×k P
r
k
be the factorisation corresponding to the separable closure of K(W 0×k
Prk) in K(X
0). Take a positive integer e such that K(X0) ⊂ K(V )1/p
e
.
Since the absolute Frobenius morphism F eV : V → V is the same as
the normalisation of V in K(V )1/p
e
, the absolute Frobenius F eV factors
through X0:
F eV : V → X
0 πi→ V.
Then, we can check that for every prime divisor P on W 0, we obtain
π∗(P ) ≤ pe deg(πs) =: ν.
Here, note that π∗(P ) is defined as the closure of the pull-back of
the restriction of P to the regular locus of W 0. For a general hyper-
plane section H ⊂ W , its pull-back f ∗H is equal to the closure of
(f |X0)
∗(H|W 0). By [Sei50, Corollary 1], a general hyperplane section
H ∼ OW (1) is reduced. Thus, also pr∗1(H|W 0) is reduced, that is,
pr∗1(H|W 0) ≤ 1. Therefore, we obtain
π∗pr∗1(H|W 0) ≤ p
e deg(πs) = ν.
This implies 0 ≤ f ∗H ≤ ν. We are done. 
3. Abundance theorem for klt surfaces
In this section, we prove a special case of the abundance theorem
(Theorem 3.3). This theorem implies the abundance theorem for klt
surfaces (Theorem 3.5). First we give a criterion for semi-ampleness.
Proposition 3.1. Let k be a field of characteristic p > 0. Let X be
a projective normal surface over k. Let E be an effective Z-divisor on
X and let E =
∑
j∈J ejEj be the prime decomposition. Assume the
following conditions.
(1) KX and E are Q-Cartier.
(2) KX ·Ej = E ·Ej = 0 for every j ∈ J .
(3) There exists s ∈ Z>0 such that sE is Cartier and that OX(sE)|E ≃
OE.
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Then, E is semi-ample.
Proof. The proof consists of four steps.
Step 1. In order to prove the assertion of Proposition 3.1, we may
assume that
(a) k is separably closed, and
(b) X is regular.
Proof of Step 1. After replacing k by H0(X,OX), we may assume that
X is geometrically irreducible (Remark 3.2). Taking the base change
of X to the separable closure of k, we may assume (a).
Let h : X ′ → X be a resolution of singularities. Let n be a positive
integer such that nE is Cartier. Replacing X and E with X ′ and
h∗(nE) respectively, we may assume (b). This completes the proof of
Step 1. 
Step 2. The assertion of Proposition 3.1 holds if k is algebraically
closed.
Proof of Step 2. By Step 1, we may assume that X is smooth over
k. Then the assertion of Proposition 3.1 follows directly from [Mas93,
Lemma in page 682]. This completes the proof of Step 2. 
Step 3. In order to prove the assertion of Proposition 3.1, we may
assume that
(a) k is separably closed,
(c) X is Q-factorial, and
(d) E is irreducible.
Proof of Step 3. By Step 1, we may assume that (a) and (b) hold. In
particular, also (c) holds. Clearly we may assume that E is connected.
Let us reduce the proof of Proposition 3.1 to the case when E is
irreducible. Assume that E is not irreducible. Fix an irreducible com-
ponent E1 of E. Since E is connected and E · E1 = 0, we obtain
E21 < 0. This implies (KX + E1) · E1 < 0. By Theorem 2.10, there
exists a birational morphism
contE1 = π : X → Z
to a projective Q-factorial surface Z such that Ex(π) = E1.
For the time being, we assume that Z and E ′ := π∗E satisfies the
same properties as (1), (2), and (3). If E ′ is irreducible, then we are
done. Otherwise, we can apply the same argument as above. Since the
number of the irreducible components of E ′ is strictly less than the one
of E, this repeating procedure will terminate.
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Therefore, it suffices to show that Z and E ′ satisfy (1), (2), and
(3). Since Z is Q-factorial, the property (1) holds automatically. By
KX · E1 = 0, we can write
KX = π
∗KZ .
By E · E1 = 0, we obtain E = π∗π∗E = π∗(E ′). Set E ′j := π∗Ej for
j ∈ J \ {1}. Thus KZ and E
′ satisfy the property (2) by
KZ · E
′
j = KZ · π∗Ej = π
∗KZ ·Ej = KX · Ej = 0
and
E ′ · E ′j = E
′ · π∗Ej = π
∗E ′ · Ej = E · Ej = 0.
We show that E ′ satisfies the condition (3), that is, OZ(tE ′)|E′ ≃ OE′
for some integer t > 0. Set
E
α
→ E ′′
β
→ E ′
to be the Stein factorisation. Since every fibre of E → E ′ is connected
and k is separably closed, E ′′ → E ′ is a universally homeomorphism.
Thus it suffices to show that
β∗(OZ(tE
′)|E′) ≃ OE′′
for some t > 0. Fix t > 0 such that tE and tE ′ are Cartier and
that OX(tE)|E ≃ OE . Then, we obtain the required isomorphism
β∗(OZ(tE ′)|E′) ≃ OE′′ by
α∗(OX(tE)|E) ≃ α∗OE ≃ OE′′
and
α∗(OX(tE)|E) ≃ α∗(π
∗OZ(tE
′)|E) ≃ α∗(α
∗β∗(OZ(tE
′)|E′)) ≃ β
∗(OZ(tE
′)|E′).
This completes the proof of Step 3. 
Step 4. The assertion of Proposition 3.1 holds without any additional
assumptions.
Proof of Step 4. Thanks to Step 3, we may assume that (a), (c) and
(d) hold. Let Y be the normalisation of (X ×k k)red and let
f : Y → X
be the induced morphism. By Theorem 2.5, we obtain
KY +D = f
∗KX
for some effective Z-divisor D on Y . Note that Y is Q-factorial by
Lemma 2.1(3). Set EY := f
∗E.
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We now show that Y and EY satisfy the properties (1), (2), and (3).
Since Y is Q-factorial, (1) holds automatically. Since
OE ≃ OX(sE)|E
for some s ∈ Z>0, taking the pull-backs to EY , we obtain
OEY ≃ (f
∗OX(sE))|EY ≃ OY (sEY )|EY .
Thus Y and EY satisfy (3). We see E
2
Y = 0 by E
2 = 0. In particular
EY is nef. Thus, we obtain D ·EY ≥ 0. If KY ·EY < 0, then EY is semi-
ample by Lemma 2.8. Therefore, we may assume that KY · EY ≥ 0.
Since (KY + D) · EY = f
∗KX · EY = 0, the inequalities KY · EY ≥ 0
and D · EY ≥ 0 imply
KY · EY = D · EY = 0.
Thus (2) holds. Thus, Y and EY satisfies the conditions (1), (2), and
(3).
Therefore, Step 2 implies that EY is semi-ample. Hence, also E is
semi-ample. This completes the proof of Step 4. 
Step 4 completes the proof of Proposition 3.1. 
Remark 3.2. Let k be a field and let X be a projective normal variety
over k. Then k′ := H0(X,OX) is a field. Moreover, k′ gives the Stein
factorisation of the structure morphism:
X
α′
−→ Spec k′ → Spec k.
In particular, X is geometrically connected over k′. Moreover, it follows
from [Tan18a, Lemma 2.2(1)] that X is geometrically irreducible over
k′.
We prove the main result of this section.
Theorem 3.3. Let k be a separably closed field of characteristic p > 0.
Let X be a projective normal Q-factorial surface over k and let ∆ be
a Q-divisor with 0 ≤ ∆ ≤ 1. Assume that the following condition (∗)
holds.
(∗) For a curve C in X, if (KX +∆) · C = 0, then C2 ≥ 0.
If KX +∆ is nef, then KX +∆ is semi-ample.
Proof. Since k is separably closed, X is geometrically irreducible. Let
Y be the normalisation of (X ×k k)red and set
f : Y → X
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to be the induced morphism. Then, Y is Q-factorial (Lemma 2.1(3)).
Thanks to Theorem 2.5, we obtain
KY + E + f
∗∆ = f ∗(KX +∆)
for some effective Z-divisor E on Y . Let
E + f ∗∆ =
∑
i
Ci
be the decomposition into the connected components and let
Ci =
∑
j
cijCij
be the irreducible decomposition.
Step 1. In order to prove Theorem 3.3, we may assume that
(a) (KX +∆)
2 = 0, and
(b) for every irreducible component C of SuppE ∪ Suppf ∗∆, we
obtain
f ∗(KX +∆) · C = 0.
In particular, C2 ≥ 0.
Proof of Step 1. For a rational number 0 < ǫ < 1, we consider the
following equation:
KY + E + f
∗∆ = ǫKY + (ǫ(E + f
∗∆) + (1− ǫ)f ∗(KX +∆)).
Note that, for 0 < ǫ≪ 1, the latter divisor
ǫ(E + f ∗∆) + (1− ǫ)f ∗(KX +∆)
is nef by (∗). We fix such a small rational number 0 < ǫ ≪ 1. If this
divisor is big, then we obtain
KY +E+f
∗∆ = ǫKY +(ǫ(E+f
∗∆)+(1−ǫ)f ∗(KX+∆)) ∼Q ǫ(KY +∆Y )
where ∆Y is a Q-divisor with 0 ≤ ∆Y ≤ 1. Then, we can apply [Tan14,
Theorem 1.2]. Thus, we may assume (KX +∆)
2 = 0. Hence (a) holds.
Moreover, we may assume that, for every irreducible component C of
SuppE ∪ Suppf ∗∆,
f ∗(KX +∆) · C = 0.
Hence (b) holds. Then the condition (∗) implies C2 ≥ 0. This com-
pletes the proof of Step 1. 
Step 2. Assume that (a) and (b) of Step 1 holds. Fix an arbitrary
index i. Then the following hold.
(1) If Ci is reducible, then Ci is semi-ample.
(2) Assume that Ci is irreducible. Let Ci = ci0Ci0 where ci0 ∈ Q>0
and Ci0 is the prime divisor.
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(2a) If C2i > 0, then Ci is semi-ample.
(2b) If C2i = 0, then Ci is semi-ample or 0 ≤ ci0 ≤ 1.
Proof of Step 2. (1) Assume Ci is reducible. Then C
2
ij ≥ 0 implies
Ci · Cij > 0 for every j. We see that Ci is semi-ample by Lemma 2.6.
(2a) The assertion follows from Lemma 2.6.
(2b) Assuming that ci0 > 1, it suffices to show that Ci is semi-ample.
Set Ci0,X := f(Ci0) to be the curve. Since (KX + ∆) · Ci0,X = 0 (cf.
Step 1) and C2i0,X = 0, we obtain KX · Ci0,X ≤ 0. If KX · Ci0,X < 0,
then Ci0,X is semi-ample by Lemma 2.8. Thus, we may assume
KX · Ci0,X = ∆ · Ci0,X = 0.
This implies (KY + E + f
∗∆) · Ci0 = 0. Since C2i0 = 0, we obtain
KY · Ci0 ≤ 0. If KY · Ci0 < 0, then Ci0 is semi-ample by Lemma 2.8.
Thus we can assume
KY · Ci0 = (E + f
∗∆) · Ci0 = 0.
This implies that Ci0 (resp. Ci0,X) is a connected component of Supp(E+
f ∗∆) (resp. Supp∆). Thus, for sufficiently divisible s ∈ Z>0, we obtain
OX(s(KX +∆))|Ci0,X ≃ OX(s(KX + δCi0,X))|Ci0,X , and
OY (s(KY + E + f
∗∆))|Ci0 ≃ OY (s(KY + ci0Ci0))|Ci0 ,
where 0 ≤ δ ≤ 1 is the coefficient of Ci0,X in ∆. Since (KX + Ci0,X) ·
Ci0,X = 0 and (KY +Ci0) ·Ci0 = 0, we can apply Theorem 2.13(2) and
obtain
OX(s(KX + Ci0,X))|Ci0,X ≃ OCi0,X , and
OY (s(KY + Ci0))|Ci0 ≃ OCi0
for sufficiently divisible s ∈ Z>0. Summarising above, we have
OX(s(KX +∆))|Ci0,X ≃ OX(s(−(1− δ)Ci0,X))|Ci0,X ,
OY (s(KY + E + f
∗∆))|Ci0 ≃ OY (s((ci0 − 1)Ci0))|Ci0.
Since OY (s(KY + E + f ∗∆)) ≃ f ∗OX(s(KX +∆)), we obtain
OY (s((ci0 − 1)Ci0 + (1− δ)f
∗Ci0,X)))|Ci0
≃ OY (s(KY + E + f
∗∆− f ∗(KX +∆)))|Ci0
≃ OCi0 .
Thus, for some sufficiently divisible s′ ∈ Z>0, we obtain
OY (s
′Ci0)|Ci0 ≃ OCi0 .
Since KY · Ci0 = C2i0 = 0, we can apply Lemma 3.1 and Ci0 is semi-
ample. This completes the proof of Step 2 
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Step 3. The assertion of Theorem 3.3 holds without any additional
assumptions.
Proof of Step 3. By Step 1, the problem is reduced to the case when
(a) and (b) of Step 1 hold. Then (1) and (2) of Step 2 hold. Therefore,
Lemma 2.15 enables us to find a Q-divisor ∆Y on Y such that 0 ≤
∆Y ≤ 1 and
E + f ∗∆ =
∑
i
Ci ∼Q ∆Y .
Then the divisor KY +E+f
∗∆ ∼Q KY +∆Y is semi-ample by [Tan14,
Theorem 1.2]. This completes the proof of Step 3. 
Step 3 completes the proof of Theorem 3.3. 
As consequences of Theorem 3.3, we obtain the abundance theorem
for the klt case.
Theorem 3.4. Let k be a separably closed field of characteristic p > 0.
Let X be a projective normal Q-factorial surface over k and let ∆ be a
Q-divisor with x∆y = 0. If KX+∆ is nef, then KX+∆ is semi-ample.
Proof. We reduce the proof to the case when the condition (∗) in Theo-
rem 3.3 holds. Assume that there is a curve C such that (KX+∆)·C =
0 and that C2 < 0. Since 0 ≤ ∆ < 1, we obtain
(KX + C) · C < (KX +∆) · C = 0.
Then, by Theorem 2.10, we obtain a contraction f : X → X ′ of C to a
Q-factorial surface. We repeat this procedure and this will terminate.
Thus we may assume that (∗) in Theorem 3.3 holds, hence the assertion
follows from Theorem 3.3. 
Theorem 3.5. Let k be a field of characteristic p > 0. Let (X,∆) be
a projective klt surface over k, where ∆ is an effective Q-divisor. If
KX +∆ is nef, then KX +∆ is semi-ample.
Proof. Taking the base change to the separable closure after replacing
k by H0(X,OX) (Remark 3.2), we may assume that k is separably
closed. Taking the minimal resolution of X , we may assume that X is
regular. Then the assertion follows from Theorem 3.4. 
4. Abundance theorem for log canonical surfaces
In this section, we show the abundance theorem for log canonical
surfaces (Theorem 4.10), that is, for a projective log canonical sur-
face (X,∆) with a Q-divisor ∆, if KX + ∆ is nef, then it is semi-
ample. Subsection 4.1 is devoted to show that κ(X,KX + ∆) ≥ 0.
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In Subsection 4.2, we prove that KX + ∆ is semi-ample for each case
κ(X,KX+∆) = 0, 1, and 2. In Subsection 4.3, we generalise our result
to the relative settings.
4.1. Non-vanishing theorem. The goal of this subsection is to show
Theorem 4.7. A rough overview of this subsection is as follows. To
show the non-vanishing theorem (Theorem 4.7), we can assume that
κ(X,KX) = −∞. Thanks to the abundance theorem for the klt case
(Theorem 3.5), we may assume that (X×k k)red is a ruled surface. The
rational case (resp. the irrational case) is treated in Proposition 4.1
(resp. Proposition 4.6).
Proposition 4.1. Let k be a separably closed field of characteristic
p > 0. Let (X,∆) be a projective log canonical surface over k, where
∆ is a Q-divisor. Assume the following conditions.
• X is regular.
• (X ×k k)red is a rational surface.
If KX +∆ is nef, then κ(X,KX +∆) ≥ 0.
Proof. Let Y be the minimal resolution of the normalisation (X×kk)Nred
of (X ×k k)red:
f : Y → (X ×k k)
N
red → (X ×k k)red → X ×k k → X.
By our assumption, Y is a smooth rational surface.
If KX+∆ ≡ 0, then the pull-back to Y is torsion, hence also KX+∆
is torsion by Lemma 2.1. Thus we may assume thatKX+∆ 6≡ 0. Then,
by Theorem 2.5, we obtain
KY +∆Y = f
∗(KX +∆)
for some effective Q-divisor ∆Y . Fix m0 ∈ Z>0 such that m0(KY +∆Y )
is Cartier. Then, we can check that H2(Y,mm0(KY + ∆Y )) = 0 for
every large integer m ≫ 0. Therefore, by the Riemann–Roch formula
(cf. [Tan18b, Theorem 2.10]), we obtain
h0(Y,mm0(KY +∆Y ))
≥ χ(Y,OY ) +
1
2
mm0(KY +∆Y ) · (mm0(KY +∆Y )−KY )
= 1 +
1
2
mm0(KY +∆Y ) · (∆Y + (mm0 − 1)(KY +∆Y ))
≥ 1,
where the above equality follows from the fact that Y is rational. 
To show Lemma 4.5, we establish auxiliary results on Mori fibre
spaces: Lemma 4.2 and Lemma 4.3.
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Lemma 4.2. Let k be a separably closed field of characteristic p > 0.
Let X be a projective klt k-surface such that −KX is ample and that
ρ(X) = 1. Then (X ×k k)red is a rational surface.
Proof. If k = Fp, then the assertion is well-known. Thus we can assume
that k 6= Fp. Since Fp ( k, we get k 6= Fp.
Assume that (X ×k k)red is not a rational surface and let us derive
a contradiction. Set Y to be the normalisation of (X ×k k)red. Then,
by Lemma 2.1, Y is a projective normal Q-factorial surface such that
ρ(Y ) = 1. Moreover, by Theorem 2.5 and ρ(Y ) = 1, −KY is ample.
Let f : Z → Y be the minimal resolution. We obtain KZ +E = f ∗KY
for some effective Q-divisor E on Z. Since Z is not rational and KZ is
not pseudo-effective, by running KZ-MMP, we see that Z has a ruled
surface structure π : Z → B. Since k 6= Fp and Z is not rational,
we can apply [Tan14, Theorem 3.20]. Therefore, every f -exceptional
curves are π-vertical. Thus, Z → B factors through Y . In particular,
the induced morphism Y → B is a surjection. However, this contradicts
ρ(Y ) = 1. 
Lemma 4.3. Let k be a separably closed field of characteristic p > 0.
Let g : Z → B be a surjective morphism from a regular projective k-
surface to a regular projective k-curve. Assume that g is a KZ-Mori
fibre space structure, that is, g∗OZ = OB, ρ(Z/B) = 1, and −KZ is
g-ample. Consider the following commutative diagram:
Z ←−−− Z ×k k ←−−− (Z ×k k)red ←−−− (Z ×k k)
N
red =: Wyg yg×kk y(g×kk)red y(g×kk)Nred
B ←−−− B ×k k ←−−− (B ×k k)red ←−−− (B ×k k)Nred =: Γ
′,
where V N denotes the normalisation of a variety V . Let
(g ×k k)
N
red :W
h
→ Γ
γ
→ Γ′
be the Stein factorisation of (g ×k k)Nred. Then the following assertions
hold.
(1) W is Q-factorial.
(2) γ : Γ→ Γ′ is a universal homeomorphism.
(3) A general fibre of h : W → Γ is P1
k
.
(4) If (Z ×k k)red is not rational, then H1(B,OB) 6= 0 and neither
Γ nor Γ′ is a rational curve.
Proof. (1) The assertion follows from Lemma 2.1.
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(2) Since g∗OZ = OB and the base change (−)×k k is flat, we obtain
(g ×k k)∗OZ×kk = OB×kk. Moreover, the horizontal arrows
(Z ×k k)
N
red → Z ×k k, (B ×k k)
N
red → B ×k k
are universal homeomorphisms (Lemma 2.1). Thus every fibre of (g×k
k)Nred is connected. Therefore γ : Γ → Γ
′ = (B ×k k)Nred is a finite
morphism whose fibres are connected. In particular, γ is a universal
homeomorphism.
(3) Let f : W → Z be the induced morphism. By Theorem 2.5, we
can find an effective Z-divisor D on W such that
KW +D = f
∗KZ .
Let Fg (resp. Fh) be a general fibre of g (resp. h). By (2), KZ ·Fg < 0
implies KW ·Fh < 0. Thus, we see (KW + Fh) ·Fh < 0. It follows from
[Tan14, Theorem 3.19(1)] that Fh ≃ P1k.
(4) First, we show that neither Γ nor Γ′ is a rational curve. By (3),
there exists a non-empty open subset Γ0 ⊂ Γ such that h−1(Γ0) ≃
Γ0 ×k P
1
k
. Since (Z ×k k)red is not rational, Γ is not a rational curve.
By (2), γ : Γ → Γ′ is a finite surjective purely inseparable morphism.
Therefore Γ′ is not a rational curve.
Second we show H1(B,OB) 6= 0. Assume that H
1(B,OB) = 0 and
let us derive a contradiction. We obtain deg(KB) < 0. By Theorem 2.5,
Γ′ := (B ×k k)Nred satisfies deg(KΓ′) < 0. Thus Γ
′ ≃ P1
k
. However, we
have already shown Γ′ 6≃ P1
k
, which is a contradiction. 
Remark 4.4. Lemma 4.3(4) states that H1(B,OB) 6= 0 for a projec-
tive regular curve B. This implies
χ(B,OB) = dimkH
0(B,OB)− dimkH
1(B,OB) ≤ 0
as follows.
Let B → Spec kB → Spec k be the Stein factorisation of the structure
morphism. Then, we obtain H0(B,OB) ≃ kB. On the other hand,
H1(B,OB) has a kB-vector space structure and we obtain
dimkH
i(B,OB) = [kB : k] dimkB H
i(B,OB).
Therefore, H1(B,OB) 6= 0 implies
dimkH
0(B,OB)− dimkH
1(B,OB)
= [kB : k](dimkB H
0(B,OB)− dimkB H
1(B,OB))
= [kB : k](1− dimkB H
1(B,OB)) ≤ 0.
The following lemma is a key result to show the non-vanishing the-
orem for the irrational case (Proposition 4.6).
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Lemma 4.5. Let k be a separably closed field of characteristic p > 0.
Let g : Z → B be a surjective morphism from a regular projective
surface Z to a regular projective curve B. Let ∆Z be a Q-divisor on Z
with 0 ≤ ∆Z ≤ 1. Assume the following conditions.
• g is a KZ-Mori fibre space structure, that is, g∗OZ = OB,
ρ(Z/B) = 1, and −KZ is g-ample.
• KZ +∆Z is g-nef.
• (Z ×k k)red is not rational.
Then κ(Z,KZ +∆Z) ≥ 0.
Proof.
Step 1. In order to prove Lemma 4.5, we may assume that
(1) Supp∆Z contains no g-vertical prime divisor, and
(2) there exists a Q-Cartier Q-divisor LB on B such that deg LB ≤
0 and KZ +∆Z ∼Q g∗LB.
Proof of Step 1. Take a general fibre Fg of g. Note that Fg is irre-
ducible. By dropping the g-vertical components of ∆Z , we may as-
sume (1). Moreover, by reducing the coefficients of ∆Z , the prob-
lem is reduced to the case when (KZ + ∆Z) · Fg = 0. It follows from
ρ(Z/B) = 1 that KZ + ∆Z ≡g 0. By [Tan18b, Theorem 4.4], we ob-
tain KZ + ∆Z = g
∗LB for some Q-Cartier Q-divisor LB on B. If LB
is ample, then there is nothing to show. Thus, we may assume that
deg(LB) ≤ 0. Hence, (2) holds. This completes the proof of Step 1. 
From now on, we assume that (1) and (2) of Step 1 hold.
Step 2. The assertion of Lemma 4.5 holds if there exists a g-horizontal
curve C such that C2 ≤ 0.
Proof of Step 2. We have
0 ≥ g∗LB · C = (KZ +∆Z) · C
≥ (KZ + C) · C = 2(h
1(C,OC)− h
0(C,OC)) ≥ 0,
where the second equality follows by [Tan18b, Corollary 2.8] and the
last inequality holds by Lemma 4.3(4) and Remark 4.4. Thus all the
above inequalities are equalities. In particular, we obtain deg LB = 0.
We now treat the case when C2 < 0. For a sufficiently divisible
integer s ∈ Z>0, we get
g∗(sLB)|C ≃ OZ(s(KZ +∆Z))|C ≃ OZ(s(KZ + C))|C ,
where the first isomorphism follows from Step 1(2) and the second
isomorphism holds by C2 < 0 and the equation (KZ + ∆Z) · C =
(KZ + C) · C. By Theorem 2.13(2), this is torsion. Therefore, LB is
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also torsion, hence its pull-back g∗LB ≃ KZ +∆Z is semi-ample. This
completes the proof for the case when C2 < 0.
Hence, we may assume that C2 = 0 and D2 ≥ 0 for any curve D on
Z. Since KZ + ∆Z = g
∗LB ≡ 0, Theorem 3.3 implies that KZ + ∆Z
is semi-ample. In any case, we see that KZ +∆Z is semi-ample. This
completes the proof of Step 2. 
Step 3. The assertion of Lemma 4.5 holds without any additional as-
sumptions.
Proof of Step 3. By Step 2, we can assume that every g-horizontal
curve has positive self-intersection number. It follows from Lemma
2.6 that every curve on Z is semi-ample.
Consider the following commutative diagram:
Z ←−−− Z ×k k ←−−− (Z ×k k)red ←−−− (Z ×k k)Nred =: Wyg yg×kk y(g×kk)red y(g×kk)Nred
B ←−−− B ×k k ←−−− (B ×k k)red ←−−− (B ×k k)Nred =: Γ
′,
where Y N denotes the normalisation of a variety Y . Let
(g ×k k)
N
red :W
h
→ Γ
γ
→ Γ′
be the Stein factorisation of (g ×k k)
N
red and we obtain the following
commutative diagram
Z
f
←−−− Wyg yh
B
ρ
←−−− Γ.
By Theorem 2.5, we can find an effective Q-divisor ∆W onW such that
KW +∆W = f
∗(KZ +∆) = f
∗g∗LB = h
∗ρ∗LB.
We see that ∆W is semi-ample. Let µ : V → W be the minimal
resolution and set
q : V
µ
→W
h
→ Γ.
We can find an effective µ-exceptional Q-divisor EV on V such that
KV + EV = µ
∗KW ,
KV + EV + µ
∗∆W = µ
∗(KW +∆W ).
Clearly, every µ-exceptional divisor is q-vertical. Therefore, the divisor
KV + µ
∗∆W = µ
∗(KW +∆W )−EV = µ
∗h∗ρ∗LB − EV
satisfies (KV + µ
∗∆W ) · Fq = 0 for any general fibre Fq of q : V → Γ.
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Since ∆W is semi-ample, Lemma 2.15 enables us to find a Q-divisor
∆V on V such that ∆V ∼Q µ∗∆W and 0 ≤ ∆V ≤ 1. Therefore,
κ(V,KV + µ
∗∆W ) ≥ 0 by [Fuj84, Theorem 2.2]. Note that we can
apply [Fuj84, Theorem 2.2] because Γ is irrational by Lemma 4.3(4).
In particular, we obtain
κ(Z,KZ +∆Z) = κ(W,KW +∆W ) = κ(V,KV + µ
∗∆W + EV ) ≥ 0.
This completes the proof of Step 3. 
Step 3 completes the proof of Lemma 4.5. 
We prove the non-vanishing theorem for the irrational case.
Proposition 4.6. Let k be a separably closed field of characteristic
p > 0. Let (X,∆) be a projective log canonical surface over k, where
∆ is a Q-divisor. Assume the following conditions.
• X is regular.
• (X ×k k)red is not a rational surface.
• κ(X,KX) = −∞.
If KX +∆ is nef, then κ(X,KX +∆) ≥ 0.
Proof. We run a KX-MMP with scaling ∆. In other words, there exists
a sequence of birational morphisms of regular projective surfaces:
X =: X0
f0
−→ X1
f1
−→ · · ·
fℓ−1
−−→ Xℓ
and a KXℓ-Mori fibre space
fℓ : Xℓ → Xℓ+1
such that
(1) −KXi is fi-ample for any i ∈ {0, · · · , ℓ},
(2) ρ(Xi/Xi+1) = 1 for any i ∈ {0, · · · , ℓ}, and
(3) KXi + λi∆i ≡fi 0 for any i ∈ {0, · · · , ℓ}, where ∆i is the push-
forward of ∆ on Xi and λi is defined by
λi := inf{µ ∈ R≥0 |KXi + µ∆i is nef}.
It is well-known that
• 1 ≥ λ0 ≥ λ1 ≥ · · · ≥ λℓ ≥ 0, and
• for any i, λi is a rational number.
In particular, we have that
• κ(X,KX +∆) ≥ κ(Xℓ, KXℓ + λℓ∆ℓ), and
• KXℓ + λℓ∆ℓ is nef over Xℓ+1.
By Lemma 4.2, we see that dimXℓ+1 = 1. Then we obtain κ(Xℓ, KXℓ+
λℓ∆ℓ) ≥ 0 by Lemma 4.5. Therefore, we get κ(X,KX + ∆) ≥ 0, as
desired. 
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We show the main result of this subsection.
Theorem 4.7. Let k be a field of characteristic p > 0. Let (X,∆) be
a projective log canonical surface over k, where ∆ is a Q-divisor. If
KX +∆ is pseudo-effective, then κ(X,KX +∆) ≥ 0.
Proof. By [Tan18b, Theorem 1.1], we may assume that KX +∆ is nef.
Taking the base change to the separable closure of k after replacing k
by H0(X,OX) (Remark 3.2), we may assume that k is separably closed.
By replacing X with its minimal resolution, we may assume that X is
regular.
If κ(X,KX) ≥ 0, then there is nothing to show. If κ(X,KX) = −∞,
then the assertion follows from Proposition 4.1 and Proposition 4.6. 
4.2. Abundance theorem. In this subsection, we show the abun-
dance theorem with Q-coefficients (Theorem 4.10). In Proposition 4.8
(resp. Proposition 4.9), we treat the case κ(X,KX + ∆) = 0 (resp.
κ(X,KX +∆) = 2).
Proposition 4.8. Let k be a separably closed field of characteristic
p > 0. Let X be a projective normal Q-factorial surface over k and
let ∆ be a Q-divisor on X with 0 ≤ ∆ ≤ 1. If KX + ∆ is nef and
κ(X,KX +∆) = 0, then KX +∆ is semi-ample.
Proof. Since κ(X,KX +∆) = 0, we obtain
KX +∆ ∼Q D
for some effective Q-divisor D. We assume D 6= 0 and let us derive a
contradiction. Let
D =
∑
i∈I
diDi
be the irreducible decomposition with di ∈ Q>0.
Step 1. In order to prove Proposition 4.8, we may assume that if C is
a curve on X such that (KX +∆) · C = 0, then
(1) C2 ≥ 0, or
(2) C ⊂ Supp(x∆y) and C is a connected component of Supp∆.
Proof of Step 1. Let C be a curve in X such that (KX + ∆) · C = 0
and that C satisfies none of (1) and (2). We obtain C2 < 0. Hence, we
get
(KX + C) · C ≤ (KX +∆) · C = 0.
If this inequality is an equality, then (2) holds. Thus we obtain (KX +
C) · C < 0. By Theorem 2.10, we obtain a birational morphism h :
X → Y to a projective Q-factorial surface Y such that Ex(h) = C.
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We can check that Y and ∆Y := h∗∆ satisfy the same properties as X
and ∆, i.e. 0 ≤ ∆Y ≤ 1 and KY + ∆Y is nef. Moreover, if KY + ∆Y
is semi-ample, then also its pullback KX + ∆ = h
∗(KX + ∆) is semi-
ample. Thus the problem is reduced to the one of (Y,∆Y ). If there
exists a curve C ′ on Y , with (KY +∆Y ) · C ′ = 0, which satisfies none
(1) and (2), then we can repeat the same procedure as above. This
procedure will terminate because the Picard number strictly drops:
ρ(Y ) = ρ(X)−1. Therefore, we may assume that every curve C on X ,
with (KX + ∆) · C = 0, satisfies (1) or (2). This completes the proof
of Step 1. 
From now on, we assume that if C is a curve on X such that (KX +
∆) · C = 0, then (1) or (2) of Step 1 holds.
Step 2. Any connected component of D is irreducible.
Proof of Step 2. Assume that Di1 ∩Di2 6= ∅ for some irreducible com-
ponents Di1 6= Di2 of SuppD. Since D is nef and
D2 = (KX +∆) ·D = 0,
we obtain D · Dia = (KX + ∆) · Dia = 0 for any a ∈ {1, 2}. Since
Di1 ·Di2 > 0, we obtain D
2
ia < 0 for any a ∈ {1, 2}. By Step 1, each Dia
is a connected component of Supp∆. This contradicts Di1 ∩ Di2 6= ∅.
This completes the proof of Step 2. 
Step 3. It holds that
KX ·Di = ∆ ·Di = D ·Di = D
2
i = 0
for every i ∈ I.
Proof of Step 3. Since KX +∆ ∼Q D is nef, we obtain
(KX +∆) ·Di = D ·Di = D
2
i = 0
for every i ∈ I, where the second equation follows from Step 2. If
KX ·Di < 0 for some i ∈ I, then we obtain κ(X,D) ≥ κ(X,Di) ≥ 1 by
Lemma 2.8. This contradicts κ(X,KX + ∆) = κ(X,D) = 0. Thus we
get KX ·Di ≥ 0 for every i ∈ I. Since Di is nef, we obtain ∆ ·Di ≥ 0.
Thus, (KX +∆) ·Di = 0 implies
KX ·Di = ∆ ·Di = 0.
This completes the proof of Step 3. 
Step 4. The assertion of Proposition 4.8 holds without any additional
assumptions.
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Proof of Step 4. Fix i ∈ I. It suffices to show that Di is semi-ample.
By Step 2, we can write
∆ = δDi +∆
′
for some rational number δ and effective Q-divisor ∆′ such that 0 ≤
δ ≤ 1 and Di ∩ Supp∆′ = ∅. For any sufficiently divisible s ∈ Z>0, we
have that
0 ∼ OX(s(KX +Di))|Di
= OX(s(KX +Di + (∆− δDi)))|Di
= OX(s(KX +∆+ (1− δ)Di))|Di
∼ OX(s(D + (1− δ)Di))|Di
= OX(s(di + (1− δ))Di)|Di,
where the first linear equivalence follows from Step 3 and Theorem
2.13(2). By di + (1 − δ) ≥ di > 0, we obtain OX(rDi)|Di ≃ ODi for
a sufficiently divisible integer r. Therefore, Di is semi-ample by the
equation
KX ·Di = D
2
i = 0
and Proposition 3.1. This completes the proof of Step 4. 
Step 4 completes the proof of Proposition 4.8. 
Although the following argument is the same as in [Tan14, Proposi-
tion 3.29], we give a proof for the sake of the completeness.
Proposition 4.9. Let k be a field of characteristic p > 0. Let X be
a projective normal Q-factorial surface and let ∆ be a Q-divisor with
0 ≤ ∆ ≤ 1. If KX +∆ is nef and big, then KX +∆ is semi-ample.
Proof. Set
E :=
⋃
C·(KX+∆)=0
C = C1 ∪ · · · ∪ Cr.
For any curve C with C ⊂ E, we have
(KX + C) · C ≤ (KX +∆) · C = 0.
Step 1. In order to prove Proposition 4.9, we may assume that if C is
a curve in X such that C ⊂ E, then (KX + C) · C = 0.
Proof of Step 1. Let C be a curve in X such that C ⊂ E and (KX +
C) ·C < 0. Then we obtain (KX +∆) ·C = 0. Since KX +∆ is big, we
can write KX+∆ = A+D, where A is an ample Q-divisor and D is an
effective Q-divisor. Therefore, it holds that C2 < 0. By Theorem 2.10,
there exists a birational morphism f : X → Y to a projective Q-
factorial surface Y such that Ex(f) = C. Set ∆Y := f∗(∆). Since
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KX + ∆ = f
∗(KY + ∆Y ) and Y is Q-factorial, if we can prove that
KY +∆Y is semi-ample, then alsoKX+∆ is semi-ample. We can repeat
this procedure and we obtain the required reduction. This completes
the proof of Step 1. 
From now on, we assume that if C is a curve in X such that C ⊂ E,
then (KX + C) · C = 0.
Step 2. If C is a curve in X such that C ⊂ E, then C is a connected
component of E and OX(s(KX + ∆))|C = OX(s(KX + C))|C for any
sufficiently divisible s ∈ Z>0.
Proof of Step 2. Take a curve C in X with C ⊂ E. In particular, we
obtain (KX + ∆) · C = 0. By Step 1, we have (KX + C) · C = 0.
Therefore, it holds that
∆ · C = −KX · C = C
2.
We can write ∆ = aC+∆′ for some 0 ≤ a ≤ 1 and an effective Q-divisor
∆′ such that C 6⊂ Supp∆′. We obtain the following inequalities:
∆ · C = (aC +∆′) · C ≥ aC2 ≥ C2.
Thanks to the equation ∆ · C = C2, both the inequality must be
equalities. This implies that C ⊂ Supp(x∆y) and C is disjoint from
any other irreducible component of ∆. This completes the proof of
Step 2. 
It follows from Step 1 and Theorem 2.13(2) that OX(s(KX+∆))|C is
base point free for any curve C with C ⊂ E and any sufficiently divisible
s ∈ Z>0. By Step 2, OX(s(KX + ∆))|E is base point free. Thanks to
Theorem 2.9, it holds that KX +∆ is semi-ample, as desired. 
We prove the main theorem of this subsection.
Theorem 4.10 (Abundance theorem). Let k be a field of characteristic
p > 0. Let (X,∆) be a projective log canonical surface over k, where
∆ is a Q-divisor. If KX +∆ is nef, then KX +∆ is semi-ample.
Proof. Taking the base change to the separable closure after replacing
k by H0(X,OX) (Remark 3.2), we may assume that k is separably
closed. Set κ := κ(X,KX + ∆). By Theorem 4.7, we obtain κ ≥ 0.
If κ = 0 (resp. κ = 1, resp. κ = 2), then KX + ∆ is semi-ample by
Proposition 4.8 (resp. Lemma 2.7, resp. Proposition 4.9). 
28 HIROMU TANAKA
4.3. Relative version. The purpose of this section is to prove The-
orem 4.12, which generalises our abundance theorem (Theorem 4.10)
to the relative case. We start with a lemma to compare nef divisors to
relative nef divisors.
Lemma 4.11. Let k be a field of characteristic p > 0. Let X be a
projective normal surface over k and let ∆ be an effective R-divisor
such that KX + ∆ is R-Cartier. Let f : X → S be a morphism to a
projective k-scheme S. Let AS be an ample invertible sheaf on S. If
KX +∆ is f -nef, then KX +∆+mf
∗AS is nef for some m ∈ Z>0.
Proof. Taking the base change to the separable closure after replac-
ing k by H0(X,OX) (Remark 3.2), we can assume that k is sep-
arably closed. Taking the Stein factorisation of f : X → S, we
may assume f∗OX = OS. Moreover, by taking the Stein factori-
sation of the structure morphism S → Spec k, we can assume that
H0(X,OX) = H0(S,OS) = k.
Let Y be the normalisation of (X ×k k)red and let g : Y → X be the
induced morphism. By Theorem 2.5, we obtain
KY +∆Y = g
∗(KX +∆)
for some effective R-divisor ∆Y on Y . Note that g
∗
SAS is ample, where
gS : S ×k k → S. If KY + ∆Y + mf ′∗g∗SAS is nef for the induced
morphism f ′ : Y → S ×k k, then so is KX + ∆ +mf ∗(AS). Thus, we
may assume that k is algebraically closed. Then, the assertion follows
from [Tan14, Theorem 3.13]. 
We prove the main result of this section.
Theorem 4.12. Let k be a field of characteristic p > 0. Let (X,∆) be
a log canonical surface over k, where ∆ is a Q-divisor. Let f : X → S
be a projective morphism to a separated scheme S of finite type over k.
If KX +∆ is f -nef, then KX +∆ is f -semi-ample.
Proof. In order to use [Tan17, Theorem 1], we reduce the proof to
the case when k is an F -finite field containing Fp. For this, first we
take the base change to the composite field kFp, where kFp is the
minimum subfield of k that contains k and Fp. By replacing k with
kFp, we may assume that Fp ⊂ k. Second, take an intermediate field
Fp ⊂ k1 ⊂ k such that k1 is finitely generated over Fp and that all
schemes, morphisms and divisors are defined over k1, i.e. there exists
X1 is a scheme of finite type over k1 withX1×k1k ≃ X etc. By replacing
k with k1, we can assume that k is an F -finite field containing Fp.
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We reduce the proof to the case when X and S are projective. Since
the problem is local on S, we may assume that S is affine. We can find
projective compactifications S ⊂ S and X ⊂ X , that is, there exists a
commutative diagram
X −−−→ Xyf yf
S −−−→ S
such that X and S are projective and each horizontal arrow is an open
immersion. By replacing X with a resolution along X \ X , we may
assume that X is regular along X \X . Taking more blowups, we may
assume that the support of the closure Supp(∆) is regular at every
point contained in X \X . In particular, (X,∆) is log canonical. Note
that (X,∆) may not be f -nef. However, by running a (KX+∆)-MMP
over S ([Tan18b, Theorem 1.1]), the end result (X
′
,∆
′
) is log canonical
and a minimal model over S. Therefore, by replacing (X,∆)→ S with
(X
′
,∆
′
)→ S, we can assume that X and S are projective.
Fix an ample invertible sheaf AS on S. By Lemma 4.11, KX +∆+
mf ∗AS is nef for some m ∈ Z>0. We can find ∆′ ∼Q ∆ + mf ∗AS
such that (X,∆′) is log canonical by [Tan17, Theorem 1]. Thus, by
Theorem 4.10, KX + ∆
′ is semi-ample. In particular, KX + ∆ is f -
semi-ample. 
4.4. Abundance theorem with R-coefficients. In this subsection,
we generalise our relative log canonical abundance theorem (Theo-
rem 4.12) to the case of R-coefficients (Theorem 4.16). The main
strategy is to use Shokurov polytope, which is the same as the case
when k is algebraically closed.
However, there are some differences as follows. Let X be a projective
normal (geometrically connected) variety over a field k and let Y be
the normalization of (X ×k k)red. Set f : Y → X to be the induced
homomorphism. In the proof of our main result (Theorem 4.16), we
consider the following Z-bilinear homomorphism:
M ×N → Z, (D,C) 7→ f ∗D · C.
whereM is a free Z-module generated by finitely many Cartier divisors
onX and N is the free Z-module generated by the curves in Y . Since Y
has more curves than X , we can establish an appropriate boundedness
result (Lemma 4.14).
In this subsection, we often use the following notation.
30 HIROMU TANAKA
Notation 4.13. Let k be a separably closed field of characteristic
p > 0. Let X be a projective Q-factorial log canonical surface over k.
Let B1, · · · , Bℓ be prime divisors. Fix m ∈ Z>0 such that mKX and
all mBi are Cartier. Set
M := Z(mKX)⊕
ℓ⊕
i=1
Z(mBi).
Let
L :=
{
D =
ℓ∑
i=1
biBi ∈MR
∣∣∣∣∣ (X,D) is log canonical
}
.
Let Y be the normalisation of (X ×k k)red and let g : Y → X be the
induced morphism. Note that Y is Q-factorial (Lemma 2.1(3)). Let
N :=
⊕
ZCY
where CY runs over all the curves on Y . We obtain a Z-bilinear homo-
morphism
ϕ : M ×N → Z, (D,C) 7→ g∗D · C.
To apply Proposition A.3, we need the following result on the bound-
edness of extremal rays.
Lemma 4.14. We use Notation 4.13. Then, there exists ρ ∈ Z>0 such
that, for every extremal ray R of NE(Y ) spanned by a curve, there is
a curve C on Y such that R = R≥0[C] and that
−g∗(KX +B) · C ≤ ρ
for every B ∈ L.
Proof. We obtain
KY +∆Y = g
∗KX
for some effective Z-divisor ∆Y by Theorem 2.5.
We see L ⊂ {
∑ℓ
i=1 biBi ∈ MR | 0 ≤ bi ≤ 1}. Let g
∗Bi = βiB
′
i, where
B′i is the prime divisor and βi ∈ Z>0. Set β := max1≤i≤ℓ βi and
L′ :=
{
ℓ∑
i=1
b′iB
′
i
∣∣∣∣∣ b′i ∈ R, 0 ≤ b′i ≤ β
}
.
By [Tan14, Lemma 3.37], we can find ρ ∈ Z>0 such that, for every
extremal ray R of NE(Y ) spanned by a curve, there exists a curve C
on Y such that
−(KY +∆Y +B
′) · C ≤ ρ
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for every B′ ∈ L′. Since B′ := g∗B is contained in L′ for every B ∈ L,
we obtain
−g∗(KX +B) · C = −(KY +∆Y +B
′) · C ≤ ρ.
This implies the assertion. 
Proposition 4.15. We use Notation 4.13. Let {Rt}t∈T be the family
of the extremal rays of NE(Y ) spanned by a curve. Then the set
NT := {B ∈ L | g
∗(KX +B) ·Rt ≥ 0 for every t ∈ T}
is a rational polytope.
Proof. We fix ρ ∈ Z>0 as in Lemma 4.14. By Lemma 4.14, for every
t ∈ T , there exists a curve Ct on Y such that Rt = R≥0[Ct] and that
−g∗(KX +B) · Ct ≤ ρ for all B ∈ L. Thus, the assertion follows from
Proposition A.3. 
Now, we prove the abundance theorem with R-coefficients.
Theorem 4.16. Let k be a field of characteristic p > 0. Let (X,∆) be
a log canonical k-surface, where ∆ is an R-divisor. Let f : X → S be
a projective k-morphism to a separated scheme S of finite type over k.
If KX +∆ is f -nef, then KX +∆ is f -semi-ample.
Proof. We may assume that k is separably closed. By replacing X with
its minimal resolution, we may assume that X is regular. In particular,
X is Q-factorial.
Let ∆ =
∑ℓ
i=1 δiBi be the irreducible decomposition, where each Bi
is a prime divisor. Set
M := ZKX ⊕
ℓ⊕
i=1
ZBi
Note that, since X is regular, KX and all Bi are Cartier. Let
L := {D =
ℓ∑
i=1
biBi ∈MR | (X,D) is log canonical}.
Let {Rt}t∈T be the set of the extremal rays of NE(X/S) spanned by
proper k-curves C such that f(C) is one point. By [Tan18b, Theorem
2.14], we obtain
NT := {B ∈ L | (KX +B) · Rt ≥ 0 for every t ∈ T}
= {B ∈ L | KX +B is f -nef}.
If dim f(X) = 0, NT is a rational polytope by Proposition 4.15. If
dim f(X) > 0, then the f -nef cone is a rational polytope by [Tan18b,
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Lemma 2.13], hence also NT is a rational polytope. In any case, NT is
a rational polytope.
Since ∆ ∈ NT , we can find Q-divisors ∆1, · · · ,∆ℓ such that ∆i ∈ NT
for all i and that
∑
1≤i≤ℓ ri∆i = ∆where positive real numbers ri satisfy∑
1≤i≤ℓ ri = 1. Thus we have
KX +∆ =
∑
1≤i≤ℓ
ri(KX +∆i)
and KX+∆i is f -nef. By Theorem 4.12, KX+∆i is f -semi-ample. 
Appendix A. Shokurov polytopes in convex geometry
In this section, we summarise some results of Shokurov polytopes in
a setting of convex geometry. We fix the following notation.
Notation A.1. Let M and N be torsion free Z-modules and let
ϕ : M ×N → Z
be a Z-bilinear homomorphism. For D ∈M and C ∈ N , we write
ϕ(D,C) = D · C = C ·D
by abuse of notation. Assume that dimRMR < ∞, i.e. M is a free
Z-module of finite rank. Fix a rational polytope L ⊂ MR. Fix an
R-linear basis of MR and we denote the sup norm with respect to this
basis by || • ||.
Lemma A.2. We use Notation A.1. Fix K ∈ MQ, ∆ ∈ L, and
ρ ∈ R>0. Then, there exist positive real numbers ǫ, δ > 0, depending
on K, ∆, and ρ, which satisfy the following properties.
(1) For every C ∈ N such that −(K +B) · C ≤ ρ for all B ∈ L, if
(K +∆) · C > 0, then (K +∆) · C > ǫ.
(2) If C ∈ N and B0 ∈ L satisfy ||B0 −∆|| < δ, (K +B0) ·C ≤ 0,
and −(K +B) · C ≤ ρ for all B ∈ L, then (K +∆) · C ≤ 0.
Proof. The assertions follow from the same proof as in [Bir11, Proposi-
tion 3.2(1)] or [Fuj17, Theorem 4.7.2(1)]. The assertion (2) follows from
the same proof as in [Fuj17, Theorem 4.7.2(2)] (although the statement
of [Fuj17, Theorem 4.7.2(2)] is the same as the one of [Bir11, Proposi-
tion 3.2(2)], [Fuj17, Theorem 4.7.2(2)] fixes minor errors appearing in
[Bir11, Proposition 3.2(2)]). 
Proposition A.3. We use Notation A.1. Let K ∈ MQ and ρ ∈ R>0.
Fix a subset {Ct}t∈T ⊂ N such that
−(K +B) · Ct ≤ ρ
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for every t ∈ T and every B ∈ L. For any subset T ′ ⊂ T , we define
NT ′ := {B ∈ L | (K +B) · Ct ≥ 0 for every t ∈ T
′}.
Then there exists a finite subset S ⊂ T such that
NT = NS.
In particular NT is a rational polytope.
Proof. We can apply the same argument as in [Bir11, Proposition 3.2(3)]
by using Lemma A.2 instead of [Bir11, Proposition 3.2(1)(2)]. 
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